We explore the weak-strong-coupling Bose-Fermi duality in a model of a single-channel integer or fractional quantum Hall edge state with a finite-range interaction. The system is described by a chiral Luttinger liquid with non-linear dispersion of bosonic and fermonic excitations. We use the bosonization, a unitary transformation, and a refermionization to map the system onto that of weakly interacting fermions at low temperature T or weakly interacting bosons at high T . We calculate the equilibration rate which is found to scale with temperature as T 5 and T 14 in the high-temperature ("bosonic") and the low-temperature ("fermonic") regimes, respectively. The relaxation rate of a hot particle with the momentum k in the fermonic regime scales as k 7 T 7 .
I. INTRODUCTION
Quantum kinetics of one-dimensional (1D) interacting systems is a hot topic in the contemporary condensed matter physics. It is now actively explored both theoretically and experimentally. On experimental side, both fermionic (carbon nanotubes, metallic and semiconductor nanowires, quantum Hall edges) and bosonic (cold atoms in optical traps) systems are studied. The continuing progress in the sample fabrication technology allows the study of the quantum kinetics and relaxation in a variety of setups; see, in particular, Refs. 1-8.
On the theoretical side, a common starting point for the description of 1D interacting systems is the Tomonaga-Luttinger model of fermions with linear dispersion relation interacting via point-like interaction. By virtue of bosonization [9] [10] [11] [12] the Tomonaga-Luttinger model can be mapped to the free bosons with linear spectrum which is in turn equivalent to free fermions via refermionization [13] [14] [15] [16] . Being a linear theory, Tomonaga-Luttinger model does not allow for the relaxation to thermal equilibrium. It is by now well understood that the energy relaxation in clean 1D systems occurs due to terms that are irrelevant in the renormalisation group (RG) sense, which makes the calculation of the corresponding relaxation rates rather complicated. In the recent years various perturbative schemes were developed to address the kinetics in interacting 1D systems. Generally, they can be divided into two classes -"fermonic" and "bosonic". The fermonic approaches start from the formulation of the theory either in terms of original fermions [17] [18] [19] [20] [21] (assumed to be weakly interacting) or in terms of appropriately defined fermionic quasiparticles [22] [23] [24] . One can then speak about the lifetime of fermionic excitations in the system and discuss the kinetics in the framework of the fermionic kinetic equation. The approaches of the second class appeal to the bosonic description of 1D system, discuss the lifetimes of bosonic excitations and employ the bosonic kinetic equation as a tool to address kinetics. This idea has been used for the analysis of strongly-interacting fermions (with Luttinger liquid parameter K ≪ 1) forming a state which is close to Wigner crystal 25, 26 .
It was pointed out recently that fermionic and bosonic languages are dual 27 . The two typical perturbations to the Tomonaga-Luttinger model are the finite curvatures of fermionic and bosonic spectra. In the model of 1D fermions interacting via finite rage interaction they are controlled 27 by the fermionic mass m (correction to the linear fermionic dispersion δǫ k = k 2 /2m) and the radius of interaction l (correction to the linear bosonic spectrum δω q = −u 0 l 2 q 3 , where u 0 is the sound velocity), respectively. We note that the quadratic correction to the fermionic spectrum translates into cubic interaction of bosons in the bosonized version of the theory 28 . Thus, the interaction in the fermonic picture corresponds to the dispersion in the bosonic one and vice versa.
The comparison of the non-linear corrections to the fermionic and bosonic dispersion relations reveals an important parameter of the theory λ E = ml 2 E with E being the typical energy of a single-particle excitation. This energy scale is set by temperature T for a system near thermal equilibrium. The stability of bosons with respect to their interaction (caused by fermionic dispersion) is controlled by the bending of the bosonic energymomentum relation. Accordingly, for λ T ≫ 1 one expects that the bosonic form of the theory is the proper starting point for the perturbative treatment. In particular, in this "bosonic regime" one can speak of the lifetime of the bosonic excitations and employ the bosonic kinetic equation to describe the kinetics. Conversely, small value of the parameter λ T means that (at the relevant energy scale) we can view the system as consisting of weaklyinteracting fermionic quasiparticles and the the fermionic kinetic equation can be used to analyze the kinetics. Remarkably, the same parameter λ E emerges from the anal-ysis of the fermionic and bosonic descriptions of the dissipationless kinetics in a problem of propagation of a density pulse on top of zero-temperature background 24, 29 ; in that case the energy scale E is determined by the pulse amplitude.
The parameter λ E grows with energy. Thus, the picture drawn above implies (as shown within a systematic analysis in Ref. 27 ) that at comparatively high temperatures the kinetics and, in particular, the rate at which a perturbed system relaxes to thermal equilibrium, is governed by the bosonic kinetic equation and the lifetimes of the bosonic excitations, while low-temperature equilibration is controlled by the fermionic relaxation rates.
Quantum Hall edge states represent a particularly important realization of interacting 1D system. The stateof-the-art engineering of quantum Hall devices allows to create structures with a high degree of control on systems parameters, including non-equilibrium conditions. Recent experiments examine the non-equilibrium MachZehnder interferometry [30] [31] [32] [33] and energy relaxation in quantum Hall edges [3] [4] [5] [6] .
In this work we explore the Bose-Fermi duality outlined above in a single-channel quantum Hall edge state (integer or fractional) with a finite-range interaction, thus extending the results of Ref. 27 to the case of a chiral Luttinger liquid. We present detailed description of the relaxation processes in this system. Our analysis covers both the "bosonic" high-temperatures regime and the "fermionic" low-temperature one. We show that in these two regimes the characteristic equilibration rate scales with temperature as T 5 and T 14 , respectively. Such a dramatic change in the temperatures behavior should be amenable to experimental test.
The paper is organized as follows. In Sec. II we fix notations and present our model of a quantum Hall edge. In Sec. III we consider the high-temperature regime and analyze the equilibration starting from the the bosonic description of the problem. Section IV is devoted to the fermionic formulation of the theory and the analysis of equilibration at low temperatures. Finally, Sec. V contains a summary and a discussion of our results.
II. EFFECTIVE THEORY OF A SINGLE-CHANNEL QUANTUM HALL EDGE
The effective low energy description of a quantum Hall edge in terms of chiral bosonic fields was introduced by Wen 34 . In the simplest situation of a single-channel edge, which is realized in ν = 1 integer quantum Hall state as well as in the ν = 1/m Laughlin states, the theory involves a single chiral density field ρ(x) with the commutation relation (in momentum domain)
and the Hamiltonian of the system is given by
Here L is the total length of the edge, u 0 is the velocity of edge excitations and :: B denotes the normal ordering with respect to bosonic creation and annihilation operators. The the bosonic Hamiltonian (2) can also be viewed as a Hamiltonian of free chiral fermions
where :: F denotes the fermonic normal ordering. The mapping to the fermionic theory goes via the representation of the density operators ρ q as bilinear functions of fermions a k
Hamiltonian (2) was extremely fruitful for the analysis of various low-energy properties of QH edges. However, being an effective low-energy theory, Hamiltonian (2) is not exact. In a more general theory one expects corrections to Eq. (2) made out of various operators of higher scaling dimension. Phenomenologically one can express such a perturbed Hamiltonian as
The first term in Eq. (5) describes free dispersive chiral boson with momentum-dependent velocity u q ≡ u 0 Γ (2) q while the other terms represents various n-boson interactions
Here, q = (q 1 , q 2 , . . . q n ), Γ
q are dimensionless functions of momenta and m is a phenomenological parameter with dimension of mass.
In this paper we focus on the case of a finite-range interaction, thus assuming that the functions Γ (n) q are analytic at small momenta. The Taylor expansion of the function Γ (2) q introduce into the problem a length-scale l controlling the dispersion of our bosons
Here γ (2,m) are numerical coefficients.
The higher-order vertices Γ (n) q have Taylor expansions similar to Eq. (7) and we assume them to be controlled by the same length scale l,
The second sum in Eq. (8) runs over all linearly independent uniform 2k-power symmetric polynomials of n variables (q 1 , . . . q n ). Subsequently we will need explicit expansions for the first few functions Γ (n)
q and we present them here for future references:
The physical meaning of the phenomenological parameter m introduced in Eq. (6) becomes transparent if we note that the leading (in the RG sense) perturbation in the Hamiltonian (5) is given by
Under the refermionization mapping (4) this correction transforms into
The parameter m and the corresponding length scale (1/mu 0 ) describe thus the bending of the "electronic" spectrum in the system. Equations (5), (6), (7), and (8) fully describe our phenomenological Hamiltonian of a quantum Hall edge valid at low momenta, q ≪ 1/l and q ≪ mu 0 , and constitute the starting point of our subsequent analysis.
Despite the fact that the perturbations introduced in the Hamiltonian H are irrelevant in the RG sense, they have an important impact on the the kinetic properties of the edge. In particular, the competition between the fermionic curvature term (14) and the bending of the bosonic spectrum, accounted in the leading order by
drives the Fermi-Bose crossover 24, 29 in the dissipationless dynamics of a density perturbation. The later analysis was limited to the time scales that are shorter than the relaxation rates studied in the present paper.
Besides deciding on the fermionic or bosonic nature of the problem the perturbative terms in the Hamiltonian (5) lead to the finite lifetimes of the bosonic and fermionic excitations. This aspect of the problem is in the focus of the present work.
We conclude this section, by stating the assumptions used below. First, the expansion of the Hamiltonian in
The dominant bosonic scattering process contributing to the relaxation of a hot boson with momentum q1 ≫ T /u0. The change in momentum of the hot boson, q1−q
, is small compared to the typical momenta of the thermal bosons q2, q powers of density and momentum [Eqs. (5) and (8)] are meaningful provided that the characteristic energy scale in the problem (set by the temperature T ) satisfies
Second, the parameter l (that can be interpreted as the radius of interaction in the fermionic version of the theory) is assumed to be large compared to the effective Fermi wavelength in the problem, l 1/mu 0 . Note that this condition also allows the parameter λ T = ml 2 T to vary from large to small values within the temperature range set by Eq (16).
III. BOSONIC LIFETIME
In this section we analyze the decay time of the bosonic excitations in the chiral edge described by the Hamiltonian (5). More precisely, we consider the system at finite temperature T and a "test" boson with momentum q 1 T /u 0 . We are interested in the decay rate of this bosonic excitation which is given by the scattering-out part of the corresponding scattering integral.
The simplest process contributing to the decay of the state under consideration is shown in Fig. 1 . It involves the scattering of the test boson by the thermal boson with momentum q 2 resulting in the creation of the three bosons with the momenta q ′ 1 , q ′ 2 and q ′ 3 . In addition, there is a conjugate process that involves two thermal bosons in the initial state that produces the contribution of the same order of magnitude to the bosonic scattering rate and modifies the numerical prefactor in Eq. (26) . For the clarity of the presentation we limit our consideration here to the process of Fig.1 , restoring the correct prefactor at the end of the calculation.
The decay rate corresponding to the process shown on Fig. 1 is given by
The integration in Eq. (17) is limited to positive momenta; N B (ω) stands for the Bose distribution function at temperature T and (18) is the transition probability. The delta functions in Eq. (18) represent the energy and momentum conservation, and the bosonic creation and annihilation operators are related to the Fourier components of density via
To evaluate the required matrix element of theTmatrix, we resort to the perturbation theory with the formal small parameter 1/m. Straightforward analysis shows that to the lowest order in 1/m the part of thê S-operator responsible for the scattering process under consideration is given bŷ
with
The momenta p 1 and p 2 in Eq. (21) are fixed by the momentum conservation in the vertices Γ
q and Γ
q ; we also assume the symmetrization of the left-hand side of Eq. (21) with respect to the five momenta q i .
To proceed further, we recall that we are interested in low momenta q ≪ 1/l. Therefore, we can perform an expansion of the S-operator (20) in powers of ql. To illustrate the procedure, let us consider the second term in Eq. (21) . Neglecting the dependence of the interaction vertices on the momentum and retaining only the cubic term in the bosonic dispersion relation qu q = u 0 (q−l 2 q 3 ), we find the corresponding contribution toΓ
Here we made explicit the symmetrization over the permutations of the momenta q 1 , . . . , q 5 . At this point one could think that the correction δΓ (5,eff) , Eq. (22), is parametrically large [in parameter 1/(ql) 2 , where q is the typical momentum] compared to the first term in Eq. (21),Γ (5) q ≈ γ (5, 0) . However, this is not not true. The point is that, within our approximation (retaining only the linear and the cubic terms in the bosonic dispersion), the δ-function responsible for the energy conservation in Eq. (20) 
q as well as from the fifth-order term in the bosonic dispersion relation [both in the energy denominator in Eq. (21) and in the energy conservation condition]. This brings about an additional factor of the order of q 2 l 2 . As a result, the contribution of the second term in Eq. (21) to the Smatrix turns out to be of the same order as that of the first one. A similar consideration applies to the last term in Eq. (21) .
A straightforward although lengthy calculation with the account of Eqs. (9)-(12) leads now to a desired expression for theŜ-operator to the lowest order in ql:
The constant Γ (5,eff) can be expressed in terms of the parameters of the Hamiltonian (5). The corresponding expression is cumbersome and is presented in Appendix A.
The transition probability corresponding to the Smatrix (23) is
Let us now assume that the momentum q 1 ≫ T /u 0 . Considering the kinematics of the scattering process, we observe that, in view of energy and momentum conservation, the momenta of two of the bosons in the final state (say, q 
Evaluating now the the bosonic lifetime according to Eq. (17) under the assumption q 1 ≫ T /u 0 one finds that it does not depend on the bosonic momentum and is given
The dominant fermonic scattering process contributing to the relaxation of a hot fermion with momentum k1 ≫ T /u0. The change in momentum of the hot fermion, k1 − k
, is small compared to the typical momenta of the thermally excited fermions k2, k 
with the numerical constant c B ≈ 6.5×10 4 , see Appendix A.
Equation (26) leads also to the estimate for the lifetime of a thermal boson in our system
up to a constant of order unity. Equations (26) and (27) are central results of this section. Equation (27) determines the characteristic time scale for the equilibration in a chiral single-channel quantum Hall edge at relatively high temperatures, ml 2 T ≫ 1. The T 5 -scaling in Eq. (27) agrees with the that found for the intrabranch equilibration rate in a Wigner crystal in Ref. 25 .
IV. LIFETIME OF FERMIONIC EXCITATIONS
We turn now to the investigation of fermionic excitations in our problem. As we have discussed earlier, the fermions are expected to constitute the proper basis for the description of the chiral edge at low temperatures, i.e. λ T ≡ ml 2 T ≪ 1. Throughout this section we assume this condition to be satisfied.
Our first task is to reexpress the Hamiltonian (5) in the fermionic language. To achieve this goal, one plugs the fermionic representation (4) of the the density components into Eq. (5) and performs the normal ordering of the result with respect to fermions. The refermionization procedure results in the Hamiltonian of the form
Here the first term corresponds to free fermions with the dispersion relation ǫ k while the other terms describe fermionic interactions
The fermionic vertices Γ (n) k,k ′ are antisymmetric with respect to the momenta of incoming and outgoing particles,
). Let us discuss first the the structure of the fermionic Hamiltonian neglecting the bosonic vertices Γ (n≥4) q as well as the momentum dependence of the three-boson interaction Γ (3) q . In this approximation all fermionic vertices Γ n≥3 k,k ′ vanish and we are left with fermions that have dispersion relation
and interact via two-body interaction
We fix γ (3,0) = 1/3 by an appropriate choice of m (see Ref.
37 ). The fermionic spectrum then reads
We note that the third term in Eq. (32) , representing the renormalization of the fermionic spectrum by the interaction 39 , is small in the parameter λ T . We postpone the discussion of its effect till the end of this section.
It is easy to see that, because of kinematic constraints, a two-fermion scattering process is not allowed 18 . To evaluate the lifetime of the fermionic excitations, one thus needs to consider the three-particle collision process (see Fig. 2 ) and the out-scattering part of the corresponding collision integral. The lifetime of a fermion at momentum k 1 ≫ T /u 0 is then given by
Here the transition probability W
k1,k2,k3 can be expressed in terms of the matrix element for the threeparticle collision process
with δ-functions ensuring the momentum and energy conservation.
To evaluate the matrix element for the three-particle scattering, we employ the lowest order perturbation theory in the fermionic interaction (31), yielding
Here we assume the antisymmetrization of the right-hand side with respect to the incoming and outgoing momenta.
To proceed further, we expand the fermionic interaction Γ (2) k,k ′ in powers of momentum, see Eqs. (7), (31) . The antisymmetrization in Eq. (35), required by the Fermi statics of our particles, has a profound impact on the result. Indeed, assuming that the matrix element remains analytic at small momenta on the mass shell, one immediately concludes that 1, 2, 3|T |1 ′ , 2 ′ , 3 ′ is proportional to the sixth power of momentum
In particular, to obtain a non-zero result from Eq. (35) one needs to expand the product of two-particle interactions in the numerator to the eighth power of momentum. The contributions of all the lower expansion terms vanish 40 . As a result we find
It is now easy to calculate the fermionic lifetime, Eq.(33). We shall take into account that for k 1 ≫ T /u 0 the kinematics of the process requires that one of the outgoing momenta (say k ′ 1 ) is close to k 1 ,
Evaluating the integral we get
with a numerical constant c F ≈ 2.4 × 10 4 (see Appendix A).
Setting k 1 ∼ T /u 0 , we obtain an estimate (up to a numerical coefficient of order unity) for the life time of a fermionic excitation with an energy of the order of temperature:
Equations (39) and (40) constitute the central results of this section. Equation (40) determines the equilibration rate of chiral single-edge quantum Hall edge channel at low temperatures, ml 2 T ≪ 1.
In our discussion we have so far neglected higher-order scattering processes, the higher-order bosonic vertices Γ (n) q , as well as the exchange corrections to the fermionic single-particle spectrum [the third term in Eq. (32)]. Let us now discuss the stability of the result (40) with respect to these corrections. First we note, that the T 14 scaling of the fermionic relaxation rate is extremely robust, as it relies solely on the k 6 scaling of the three-particle collision amplitude dictated by the Pauli principle. Estimating contributions of higher-order scattering processes (four-particle etc.), one obtains still higher powers of T , with λ T = ml 2 T being a dimensionless small parameter of the expansion. Further, the contributions of manyboson interaction vertices to the three-particle collision rate are suppressed by positive powers of the parameter 1/mu 0 l 1. To illustrate this point, let consider the three-boson interaction vertex Γ (3) q . It contributes to the three-fermion collision amplitude already in the first order perturbation theory. The corresponding contribution reads
and thus contains an additional factor 1/(mu 0 l) 2 in comparison with Eq. (37). If mu 0 l ∼ 1 (in which case only the fermonic regime is realised), Eq. (41) is of the same order as Eq. (37), thus modifying the corresponding numerical prefactor. On the other hand, if mu 0 l ≫ 1 (which is the condition for the existence of the high-temperature bosonic regime), the contribution of the three-boson interaction vertex, Eq. (41), yield only a small correction to Eq. (37).
The situation with the exchange correction to the fermionic spectrum is slightly more subtle. One can try to incorporate it into the denominator in Eq. (35) and the δ-function expressing the energy conservation in Eq. (34) . Performing then the expansion of the thee-particle collision amplitude at the mass shell in powers of momentum, one finds
. (42) We see that the k 6 scaling of the collision amplitude (responsible for the T 14 scaling of the relaxation rate) is preserved, as expected. On the other hand, the contribution (42) appears to be large compared to Eq. (37) in the parameter (u 0 ml) 2 . The two additional powers of mass m in Eq. (42) come from the second order expansion of the amplitude (35) 
However, in accordance with the rules of a diagrammatic expansion, the self-energy correction produced by the third term in Eq. (32) cannot be considered separately from the corresponding vertex corrections it generates to Eq. (35) . We expect that the correct account of the vertex corrections (which is a very tedious task for the three-particle processes under consideration) would lead to the cancellation of (42), so that Eq. (37) yields the leading contribution to the three-particle scattering amplitude, including the prefactor.
V. SUMMARY AND DISCUSSION
In this work, we have presented a detailed analysis of the relaxation process in a chiral single-channel quantum Hall edge state (integer or fractional). The relaxation is naturally described in the fermionic language at low temperatures, λ T ≪ 1, and in the bosonic language at high temperatures, λ T ≫ 1, where λ T = ml 2 T is the dimensionless parameter of the theory. The relaxation rates of a hot excitation with momentum k scale as T 5 k 0 , Eq. (26) for a boson and as T 7 k 7 for a fermion (where k is counted from Fermi momentum), Eq. (39). The equilibration rate of the system behaves as T 5 in the high-temperature (bosonic) regime and as T 14 in the low-temperature (fermionic) regime, as expressed by Eqs. (27) and (40). These results match at λ T ∼ 1 where a Bose-Fermi crossover takes place.
Before closing the paper, we discuss the connection of our findings with related recent advances in the field: 1 in the chiral case. In the fermionic regime the chirality of the system has a much more dramatic impact: it changes the temperature scaling of the relaxation rate from T 7 to T 14 . Such a strong suppression of the relaxation can be traced back to a very strong effect of antisymmetrization for a threebody fermion scattering in a single-channel chiral system.
ii) It is worth reminding that we have assumed a finiterange interaction, with a sufficient degree of analyticity at small momenta. A comparison with the results obtained in a perturbative fermionic calculation for a chiral Luttinger liquid with unscreened (1/r) Coulomb interaction indicates 42 that the finite-range character of the interaction strongly suppresses the relaxation in the fermionic regime. The Bose-Fermi "phase diagrams" for a chiral quantum Hall edge with long-range interactions remains to be explored.
iii) It was shown in Refs. 24,29 that solitonic density waves arise in the course of time evolution of a strong enough density pulse (on top of zerotemperature background) in the bosonic regime λ E ≫ 1, where E is set by the pulse amplitude.
It was argued in a recent preprint 41 that, upon quantisation, solitons of the bosonic theory can be regarded as a continuation of the particle branch of fermionic excitations to the bosonic part of the phase space (while the standard bosonic branch constitutes the continuation of the hole fermionic branch). The authors of Ref. 41 focus on a nonchiral system characterised by the Bose-Fermi duality established in Ref. 27 . One can expect, however, that this conjecture would be equally applicable to a chiral system. It would be very interesting to verify these conjectures and to calculate the life time of such soliton-like excitations in the bosonic regime, both in the chiral and non-chiral cases. It should be emphasised, however, that the corresponding life times are expected to be much shorter than those of bosons. Therefore, they will not influence the long-time equilibration rates discussed in Ref. 27 (for the non-chiral case) and in the present work (for a chiral system).
iv) The energy relaxation in quantum Hall edges (both chiral and non-chiral) was probed in the recent experiments, Refs. 3-6. We expect that further development of the methods employed in those works will allow systematic investigation of the temperature (or energy) dependence of the equilibration rates.
expression in terms of the parameters of the Hamiltonian (5):
Γ (5,eff) = γ (5,0) + 2 γ (2,4) γ (3,0) γ (4,0) + γ (3, 2) γ (4,0) + 2γ (3, 0) 
whereÑ B (ω) is a dimensionless Bose distribution with the temperature T = 1 and the chemical potential µ = 0. The first term in the square brackets represents the contribution of the scattering process shown on Fig. 1 , while the second term corresponds to the conjugate process with two thermal bosons in the initial state.
The numerical constant c F in the expression for the fermionic lifetime, Eq. (39), is given by the following dimensionless integral
whereÑ F (ω) is a dimensionless Fermi distribution with the temperature T = 1 and the chemical potential µ = 0.
